We consider the three-loop singlet diagrams induced by axial-vector, scalar and pseudo-scalar currents. Expansions for small and large external momentum q are presented. They are used in combination with conformal mapping and Padé approximations in order to arrive at results for the polarization functions valid for all q 2 . Results are presented for the imaginary parts which are directly related to physical quantities like the production of top quarks or the decay of scalar or pseudo-scalar Higgs bosons.
I. INTRODUCTION
In the last few years a lot of effort has been devoted to developments of techniques which allow the evaluation of higher order corrections. Of special interest is thereby the evaluation of QCD corrections to two-point current correlators. Their knowledge immediately leads to a variety of important observables like the cross section σ(e + e − → hadrons) mediated by a photon or a Z boson or the decay of a scalar or pseudo-scalar Higgs boson. Whereas at the one-and two-loop level exact results are known (for a review see [1] ), until recently at O(α 2 s ) only expansions for large external momentum q respectively small quark mass m were available.
In [2, 3] an approach was developed which leads to semi-analytical results for the threeloop polarization functions. The essence of this procedure amounts to the combination of the low-and high-energy analytical data for a polarization function through the use of the conformal mapping and Padé approximation suggested in [4] [5] [6] .
In a first step it was applied to the non-singlet diagrams induced by external vector, axial-vector, scalar and pseudo-scalar currents [3] . In this paper this procedure will be applied to the corresponding singlet diagrams. They are often also referred to as doubletriangle diagrams as the external currents are not connected through the same fermion line. This completes the knowledge of the three-loop current correlators at O(α 2 s ). Thus also the full mass dependence for the inclusive cross sections σ(e + e − → tt) and the decays of a scalar or pseudo-scalar Higgs boson into quarks is available at this order.
The method used in [3] heavily relies on the fact that the lowest particle threshold for the non-singlet graphs starts at q 2 = 4m 2 . In contrast to that, the singlet diagrams contain massless cuts. The solution of this problem is described in detail for the axial-vector correlator in Section II. Also the essential ingredients are listed and the approximation procedure is briefly reviewed. Section III describes the treatment of the scalar and pseudoscalar diagrams and finally results are presented in Section IV. Note that for the vector correlator there are no singlet diagrams at three-loop level according to Furry's theorem.
II. SINGLET AXIAL-VECTOR CORRELATOR
In this section the ingredients and the procedure for the construction of the Padé approximants of the axial-vector polarization function are presented in detail. The scalar and pseudo-scalar singlet diagrams are discussed in Section III.
Let us start with some definitions. It is convenient to introduce the dimensionless quantities
where √ s is the center of mass energy and m is the pole mass of the produced quark.
x is a convenient variable in the high energy region and v represents the velocity of the quark. The axial-vector polarization function is defined through
with j a µ =ψγ µ γ 5 ψ. Only the transversal part Π a (q 2 ) will be considered in the following. In D = 4 − 2ε space-time dimensions care has to be taken concerning the treatment of γ 5 -especially in connection with the singlet diagrams. We follow the treatment introduced in [7] and refer for more details to [8] . In order for the axial anomaly to cancel, one has to take both members of a weak isospin doublet into account. It is therefore convenient to replace the current j a µ in Eq. (2) by j a S,µ =ψγ µ γ 5 ψ −χγ µ γ 5 χ, where ψ and χ are isospin partners. The diagrams contributing to the singlet part, Π a S (q 2 ), are depicted in Fig. 1 where in the fermion triangles either ψ or χ may be present. Note that for a degenerate quark doublet Π a S (q 2 ) vanishes. Having in mind the physical case (ψ, χ) = (t, b), however, we set m ψ = m and m χ = 0 in the subsequent analysis. Π a S (q 2 ) is conveniently written in the form
where C F = (N 2 c −1)/(2N c ), and T is the trace normalization for an SU(N c ) gauge group. For QCD N c = 3 and T = 1/2.
The imaginary part of Π
normalized in analogy to the vector case, enters, e.g., the total inclusive cross section for the production of top quarks. However, also imaginary parts arising from the massless quark χ contribute to R a S (s). The purely gluonic cut is zero according to the LandauYang-Theorem [9] . Let R (2),a Sb be the contribution of these massless cuts to R a S . Then the quantityΠ
defines a function whose imaginary part for q 2 ≤ 4m 2 coincides with that of Π (2),a S (q 2 ) and is zero for q 2 > 4m 2 . Its evaluation will be described below. With the help of this function we choose the overall renormalization condition for Π
In this difference the ln(−z) terms cancel for z → 0 which makes it possible to demand this QED-like renormalization condition. Alternatively one could use the MS scheme where only the 1/ε poles are subtracted.
An important ingredient for the Padé approximation is the expansion of Π (2),a S (q 2 ) for small external momentum. It is obtained by applying the so-called hard mass procedure [10] which provides a consistent expansion in q 2 /m 2 :
The first eight coefficients have been evaluated: 
with ζ 3 ≈ 1.202056903 and l qm = ln(−q 2 /m 2 ). K a is a constant whose numerical value will be given below.
A stringent constraint both for the real and imaginary part of Π (2),a S (q 2 ) is set by the expansion for large external momentum. Recently, the large momentum procedure has been applied leading to the result [8] 1 : 
with ζ 3 defined above and ζ 5 ≈ 1.036927755. The logarithms in Eq. (8) are due to the massless cuts and do not appear in the nonsinglet diagrams [3] . They spoil the procedure for constructing the Padé approximants developed in [3] . Therefore, instead of dealing with the full polarization function, one may use Eq. (5) and consider the following quantity:
According to the definition ofΠ 2 to get the production cross section for massive quarks.
An analytic formula for R (2),a Sb (s) is available [11] 2 . Nevertheless it is not possible to solve the dispersion integral in Eq. (10) analytically. On the other hand a purely numerical integration is excluded as the result contains ln(−z) terms for z → 0 which makes an expansion of the integrand with subsequent integration impossible. Let us therefore briefly describe the method we used for evaluation of Eq. (5).
One may write R (2),a 
where the dots represent higher orders in r. The expansion ofR
leads to 2 In [11] a different kinematical region was considered. However, we continued the result to the region under consideration by using the translation table given in the appendix of [11] .
i.e., in this limitR
Sb (s) is a series in √ 1 − r. Provided with this information we split the integral in Eq. (5) into three parts:
and replace in a second stepR
Sb (s) in the interval [0, δ] by the expansion in (12) , in the interval [δ, 1] by the one in (13) . It turns out that the inclusion of the first 100 terms in the small energy expansion and the first 40 terms in the expansion around r = 1 leads to stable results in the range δ = 0.65 . . . 0.80 with an accuracy of 13 to 14 digits. We will not quote numbers for the fullΠ (2),a S (q 2 ) but only for the constant K a appearing in Eqs. (8) and (9):
The third kinematic region to be used for the Padé procedure is the threshold for the production of two massive quarks, z → 1. In this region Π (2),a S (q 2 ) gets contributions from two sources: the cuts involving massive quarks and R (2),a Sb (s). It is strongly expected that the former starts at least with a term proportional to v in analogy to the non-singlet axialvector correlator which follows the P -wave scattering solution of the Coulomb potential. R (2),a Sb (s) on the other hand has a smooth behaviour for s → 4m
2 . For z < 1, Π
(2),a S,mod (q 2 ) is constructed in such a way that its imaginary part vanishes. However, the leading contribution of Π
where the ellipses represent sub-leading terms in (1 − z). The construction of the Padé approximations divides naturally into four steps (for more detail we refer to [3] ): First, the threshold contribution has to be subtracted in all kinematical regions in order to have a polarization function that has a vanishing imaginary part for z → 1. Then, a new polarization function,Π (2),a S,mod (q 2 ), is constructed whose high energy expansion contains no logarithmic terms any more. This must be done carefully in order not to destroy the behavior for z → 0 and z → 1. In a third step the conformal mapping [4] 
is used to transform the q 2 plane into the interior of the unit circle. Finally, a Padé improvement is performed in the new variable, ω.
In [3] only the constant and the m 2 /q 2 corrections in the high energy expansion have been included into the analysis. For the singlet diagrams meanwhile terms up to O((m 2 /q 2 ) 6 ) are available. This makes it necessary to modify the definition of the function P (ω) for which the Padé approximation is performed. The natural extension of the definition given in [3] reads:
where the index n ≥ 1 indicates that the mass corrections of order (m 2 /q 2 ) n are included. The Padé approximants
are then constructed from P n (−1) and P (k) n (0), (k = 0, 1, . . . , n + n 0 − 1), where n 0 is the number of moments (see Eq. (8)) used for the construction of the Padé approximation and P (k)
Taking into account all available information, i.e. n = 6 and n 0 = 7, it is possible to construct approximants like [7/6] , [6/7] or [8/5] . However, it turns out that the construction of P (k) n (0) for large values of k suffers from huge cancellations. It is therefore necessary to evaluate the expressions in Eq. (14) with highest possible accuracy in order to arrive at reliable results for high-order Padé approximations. After all, the above mentioned 13 to 14 digits are enough to get stable results. Of course, also lower order Padé's have been evaluated both for consistency checks and to examine the convergence properties. We should mention that some of the Padé approximants develop poles for |ω| < 1 which result in poles in the physical z plane. Since this is not acceptable, only Padé approximants free from poles in the physical region are considered in the discussion of Section IV. We refrain from listing explicit formulae for Π (2),a S (q 2 ) at this point and instead present in Section IV results for the imaginary part, R (2),a S (s).
III. SCALAR AND PSEUDO-SCALAR CASE
It is now straightforward to extend the procedure described above to the scalar and pseudo-scalar case. Here, in contrast to the singlet axial-vector contribution only the diagram with two massive triangles contributes. However, the cut through the two gluons does not vanish as it was the case for the axial-vector coupling, so that again there is a cut starting at z = 0.
The polarization functions are defined through (κ stands for s and p, denoting the scalar and pseudo-scalar case, respectively):
where the currents are given by j s =ψψ and j p = iψγ 5 ψ. As for j p one again has to deal with γ 5 in D = 4 dimensions, we again adopt the definition of [7] , referring for details to [12] .
In analogy to (5) we define:
R (2),κ gg (s) corresponds to the two gluon cut actually describing the Born decay of a scalar or pseudo-scalar Higgs boson to gluons [13, 14] :
with
Although these functions are quite simple an analytic integration is hard to perform. So we adopt the same procedure as for the axial-vector case and expand R In analogy to Eq. (6) the overall renormalization condition reads:
In this scheme, the low-energy expansion of Π (2),κ S (q 2 ) looks as follows: 
where Π (2),κ S (q 2 ) and C (2),κ S,n are defined in analogy to Eqs. (3) and (7), and
The high energy expansion terms up to O(1/z 4 ) are already listed in [12] in the MS scheme. We have added the (m 2 /s) 5 and (m 2 /s) 6 mass correction terms. In the renormalization scheme defined in Eq. (25) the result reads (l qµ = ln(−q 2 /µ 2 ), with µ being the renormalization scale): 
It should be noted that in the scalar case the singlet polarization function explicitly depends on the renormalization scale µ. For the approximation procedure the choice µ 2 = m 2 will be adopted. The imaginary part, however, is independent of µ. The analogue of Eq. (10) reads
The leading threshold term of this function both for κ = s and p will be determined in complete analogy to the axial-vector case (see Eq. (16) The approximation procedure is applied in complete analogy to the axial-vector correlator. As for the scalar and pseudo-scalar case also the eighth moment, C
, is available, Padé's like [7/7] , [8/6] or [6/8] may be evaluated. 
IV. RESULTS
In Fig. 2 (a)-(c) the results for the imaginary part of Π S,mod . Therefore, if one is interested, e.g., in (inclusive) production of the heavy quarks only, the corresponding massless cuts (depicted as dashdotted lines) have to be subtracted. The resulting curves are shown in Fig. 2 (d) .
As was already pointed out in [8] , the imaginary part of the axial-vector singlet contribution starts at O(m 6 /s 3 ). Therefore, R
,a S is rather small below x = 1/2. On the other hand, above this value the four-particle threshold at √ s = 4m is expected to in-hibit convergence of the high energy expansion. However, there is still an agreement of the (m 2 /s) 6 -terms with the semi-analytical Padé result up to x ≈ 0.7. Also in the scalar and pseudo-scalar case convergence of the high energy expansion is quite fast up to x ≈ 0.7 . . . 0.8. For the pseudo-scalar case even very close to threshold the difference to the Padé result is rather small.
Minor differences among the various Padé approximations are visible only close to threshold. In Fig. 3 (a) are remarkably small below v = 0.5 which confirms our previous assumptions on the threshold behavior in these cases (see Fig. 3 (d) ). As was expected the analogue quantity in the pseudoscalar case grows steeper for v → 0, but still the stability of the Padé result justifies the threshold assumption. We even modified artificially Eq. (32) by ±10% and observed a drastic destabilisation of the Padé approximants. This also gives quite some confidence to the ansatz for Π (2) ,p S at threshold. In the following handy approximation formulae for the imaginary parts R 
+ 50p
3/2 (1 − p) [1.586 P 0 (p) − 1.822 P 1 (p) + 0.525
with p = (1 − v)/(1 + v). Note again that the corresponding massless cuts (see Eqs. (11) and (23)) have to be subtracted in order to find the rates for, e.g., tt production. To summarize, the polarization functions for axial-vector, scalar and pseudo-scalar singlet current correlators have been computed. To this end the knowledge of Π(q 2 ) for q 2 → 0, q 2 → −∞ and q 2 → 4m 2 has been exploited in combination with conformal mapping and Padé approximation. Results have been presented for the imaginary parts and handy approximation formulae have been provided. This completes the evaluation of three-loop polarization functions at O(α 2 s ) as in [3] the non-singlet contributions were considered.
